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al values

UL 3\ 1/4 U3
Re = ) o~ <V> ) €~ —
v
For a grid with spacing smaller than the Kolmogorov length scale:

N = (5)3 ~ Re%* (1)

o Cup of coffee: Re = 10*, grid must have 10° points (3GB per array)
e Moving car: Re = 10°, grid must have 10'6 points (80000000GB per array)

Data-based approach for time-correlated closur . eptem per 20t - p



Road map

Consistent closure

*  probabilistic \

% conditioned in times

3 Density estimation

£(k) | (r— A7, 7 =2AT1,...) with GMM
|
|
|
|
|
| Universal statistics
1 Scale invariance
T k _ @ @00~

Resolved scales | Model o~

WP, Uy vy Us | Ustl, Ust2 Uy —s,Us—g,... . U_y, U,U

UNn = kmTnun+m Resolved scales Model




Models of turbulence

N.S.

Orui(n) = —i

2mn; n;n,
> (30— 225 ) sy oot )

—vkjkjui(n) + fi(n). (2)

L'vov et al. (1995) and Gledzer, Ohkitani, Yamada (1973,1988)

duy,
dt

= i(akn+1un+2U2+1 + bknun—i-lu:;_l + Ckn—lun—lun—2) - Vk?@un + fn (3)




ut Sabra

Parameters
ea=1b=— z,c:%,)\:l ko =1 and k, = kg™ :

o Inviscid invariants:

E =3 lunl
H= Z 1)k |un |
Numerics
e n=230
@ U_] = Uy = Upt] = Upt2 = 0 (for now)
o v =108, fi =141, u,(0) = k~/3¢% for n = 1,2
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Numerics
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Intermittency
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Road map
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Multipliers

Zn = wnem", (6)
Wy = Un (7)
Un—1

A, = arg(uy,) — arg(up—1) — arg(up—2), (8)




The need for time conditioning
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Rescaled Model

Choose a reference shell m [Mailybaev, 2021|

—-1/2
Tm(t) = <k‘§U2 +> k‘ilunIQ) (9)

n<m

Define the change of variables
t dt/
T= —_— 10
| e "o
UN = kT () unm (t) (11)

e Shrinks long periods of time where nothing happens
@ Stretches short periods of time where a lot happens

e Gives a new sense of symmetry
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Rescaled Model
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Rescaled Complete System

di . . .
TTN = i(kn1UN2UN 1 — *kNUNHUN,l + ka—1UN—1UN—2)
F(E+E)UN +vEL T (= kY + > KU UN + Tk N (12)
J<0
where
= K (U lhvs — 5 Uitk — U U ) (19)
N<O0 2 4
& =—T2 > knymkn Re (UfirfNer) (14)
N<O

1/2
1 2
Tn =15 (1 - > kylun| ) (15)

N<O
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Closure for Reduced Models

@ Choose a shell s in the inertial range

dun

dt = Z‘(ak'n-l-lUn—i-Qun—‘,-l* + bknun-l—lu:;fl + Ckn—lun—lun—Q) - ngun + fn (16)

forn=1,...,s

@ Choose m=s+1

au . L 1 . 1
7d7{\7 = 'L(kN+1uN+2uN+1 — kaUNHUN,l + 7kN,1UN71UN72)
+ €+ E)UN + vk, T (= k3 + > ESUNUN + Tk v +m (17)

J<0
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Main Message

We need expressions for us+1 and ugya.

_Or_

We need expressions for Uy and U;.




Kolmogorov’s Closure

[Biferale, Mailybaev, Parisi, 2017]

[wstal _ [sal _ \-1y, (18)
|tst1] |us|
T
A5+1 - A5+2 = 5 (19)

Choosing the the shell velocities’ phases 6,, as to satisfy 8,, = 60,,_1 + 0,,_o,

Ust1 = |ug| ATH/3ei ¥ 401 (20)

Usio = [uga| N7/ B (a0 H0), (21)
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Kolmogorov’s Closure

Uy = [Uy|NTH/3ei(5Tarta) (22)
U, = |U0|)\71/36i(%+a0+a*1) (23)

ay = arg(Un) = Onim

2 12

——Sabra
—e -Kolmogorov| |

10

Full Model
—* -Reduced Model

loga((Jun|*))
Loga({|un|*))

-10




Probabilistic approach

How do we go about making this probabilistic?




Gaussian Mixture Models




Gaussian Mixture Models

Say we have N data samples from a distribution we don’t know.

K
p(x) = meN (| e, Si) (24)
k=1
1 1 Ts—1
N(x|p, X) = W exp <—2(X —p) YT (x— H)) (25)
k
Z’}Tk =1 (26)
n=1
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Gaussian Mixture Models

k) = TN (X | o, X))
SE N (xnlg, 25)

(27)

=

N K
= 227 Znk)(In 7y + In N (x| 7, 7)) + A (Z T — 1) (28)

n=1k=1 k=1

6 = arg max Q(6*,0) (29)
0*
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rgence
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Time Correlation

. 1
Corr (o), U +(r — ‘ |
cﬁiiﬂuﬁl Iu,jg - A:;;I Corr([Uo], Uora(r — AT))]
Corx([Uy], U »(r — A7) o o LS|
Corr([th], [U-1 (T — AT))| gggﬂzol’ }ZA%S'T*_AAT;;?'
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) ol U8 (T —
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Corr (|t |, U-5(T — AT))]|
ot 0
R 5 10 15 20 03 5 10 15 20
AT AT

ach for time-correlated closur . eptem Dher



Single-time closures

Only modules:

Uy = 22061'(3—1—04714-&72)’ (30)
Uy = 24 ei(§+ao+a—1), (31)
z = (20,21) ~ g(z). (32)
Modules and phases:
Uy = 2zoez‘(zl+a,1+cx,2)’ (33)
U = 2Z26i(Z3+ao+oz71), (34)

z = (20, 21, 22, 23) ~ g(2). (35)




me closures

Modules and phases
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me closures

PDF
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Single-time closures

0
10 ——Sabra 10° —Sabr'a 10° —Sabra,

—MJoint
——PJoint

X

Q

¥

10° 107
I u
0 100 200 -100 -100




Time conditioning

Conditioning to modules of three closest shells:

Uy = 270¢i (5 Ta1ta—2) (36)
Uy = 271¢(3Teota1) (37)
z = (20, 21) ~ g(z|logy [U_3(T — AT)|,logy [U_o(T — A7), log, [U_1(T — AT)]),  (38)

Conditioning to modules and phases of themselves:

Uy = 220673(214-0&71-&-0472)’ (39)
U = 2Z26i(Z3+ao+oz71), (40)
z = (20,21, 22, 23) ~ g(2z|1ogy [Up(T — AT)[, Ag, log, U (T — AT)|, Ay). (41)
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Three-closest conditioning

Self conditioning




Time cond
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Time conditioning
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Time conditioning, A7 = 2.4

Three-closest conditioning Self conditioning
5 T T T T T T T 5 T T T T T T T

20

25 |

Loga((fus "))
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-45

orrelated closur




Time cond
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Time conditioning
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All results

[Uo| [th ] Ag Ay Conditioning
Half closure 220 U\ w/2 w2 X
Joint 270 271 w/2 w2 X
Simple cond 2%0  |Up|A\"Y3 w/2 w/2 U_1| at T — AT
Joint cond 270 271 /2 7/2 U_1| at T — AT
3-Clos 270 271 w/2 w/2 U_s|, [U—_s|, U-1| at T — AT
3-Clos 9 270 271 w/2 w2 U_s|, [U—_s|, U-1| at T — AT
Long 270 271 w/2  7/2 U_s],...,lU_1]at T — AT
Joint phases 270 272 21 23 X
Joint cond phases | 270 272 21 23 U_1],A—1 at 7 — AT
Self 270 272 21 23 Uo|, U], Do, A1 at 7 — AT
Self 9 270 272 21 23 Uo|, U], Do, A1 at 7 — AT
2 2 U_o], U], A2, A7 at T
Global 2 2 B | o], o, U], A, Ar, Ao, Ay at T — Ar
U], U_1],A_2,A_1 at T
2 Times 270 272 21 23 [U—a|, U=1], [Uo|, U], A2, A_1, Ao, A1 at T — AT
‘u*2‘7 |u*1|1 ‘Z/{()" |M1|7 A*Z: A717 A07 Al at 7 — 2AT
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Conclusion

e We have systematically written data-based closures (probabilistic and
time-correlated) for shell models

e Time-correlated closures are working with the present approach

They may work much better with a better approximation of the densities (other ML
tools)

High-dimensional problems are a significant step in this ladder

This framework reduced black-box aspects
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Thank you!
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